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Abstract 

In the present paper we examine, from the purely theoretical point of view and in 
a model-independent way, the case, when matter, gauge and Higgs fields are allowed to 
propagate in the bulk of five-dimensional brane world models with compact extra dimen¬ 
sion, and the Standard Model fields and their interactions are supposed to be reproduced 
by the corresponding zero Kaluza-Klein modes. An unexpected result is that in order 
to avoid possible pathological behavior in the fermion sector, it is necessary to impose 
constraints on the fermion field Lagrangian. In the case when the fermion zero modes 
are supposed to be localized at one of the branes, these constraints imply an additional 
relation between the vacuum profile of the Higgs field and the form of the background 
metric. Moreover, this relation between the vacuum profile of the Higgs field and the 
form of the background metric results in the exact reproduction of the gauge boson and 
fermion sectors of the Standard Model by the corresponding zero mode four-dimensional 
effective theory in all the physically relevant cases, allowed by the absence of pathologies. 
Meanwhile, deviations from these conditions can lead either back to pathological behavior 
in the fermion sector or to a variance between the resulting zero mode four-dimensional 
effective theory and the Standard Model, which, depending on the model at hand, may, 
in principle, result in constraints putting the theory out of the reach of the present day 
experiments. 


1 Introduction 

Models with extra dimensions have been attracting a great interest during the last hfteen 
years. There were many attempts to solve various theoretical problems with the help of extra 
dimensions. A wide branch of multidimensional models is that of brane world models, which 
were proposed in their modern form in [U |2] . Although some theoretical problems (such as, for 
example, the hierarchy problem of gravitational interaction) were successfully solved within the 
framework of brane world models, realistic theories must also describe all the physical aspects 
of our four-dimensional world. In particular, they must correctly reproduce the interactions of 
the Standard Model (SM) particles that have already been tested experimentally. 

In the original formulation of brane world models the SM fields were supposed to be located 
on a brane (in the Randall-Sundrum model [2], on the TeV brane). Later the idea of brane 
worlds was joined with the idea that all the helds can propagate in extra dimensions [3] thus 
giving rise to the theories with universal extra dimensions, where the matter, gauge and Higgs 


1 


fields are allowed to propagate in the bulk of five-dimensional brane world models with compact 
extra dimension. In this case all these helds posses towers of Kaluza-Klein excitations, their zero 
modes being the SM helds. There exist many papers describing how the SM can be embedded 
this way into multidimensional brane worlds and what new effects can be produced in such 
theories. 

However, there are some hner points that have been missed in the previous studies. Below 
we will discuss them in detail from a purely theoretical point of view and in a mathemat¬ 
ically consistent way. In particular, we argue that it is impossible to exactly reproduce by 
the zero Kaluza-Klein modes the electroweak gauge boson sector of the SM in the effective 
four-dimensional theory, unless the vacuum prohle of the Higgs held in the extra dimension 
behaves like the square root of the inverse warp factor. The same vacuum prohle of the Higgs 
held (together with extra constraints on the parameters of the hve-dimensional fermion held 
Lagrangian) is necessary for reproducing the fermion sector of the SM. An unexpected result is 
that deviations from these conditions may lead either to pathologies in the fermion sector when 
expanding in Kaluza-Klein modes (for example, in the case admitting consistent localization of 
the fermion zero mode at one of the branes) or to an additional modihcation of the couplings 
of fermions to gauge bosons in the zero mode sector, which may lead, in principle, to severe 
restrictions on the value of the hve-dimensional energy scale (like the constraints coming from 
the zero mode gauge boson sector 13 0). Meanwhile, the demand for the extra restriction 
on the vacuum prohle of the Higgs held, mentioned above, leads to some difficulties, such as 
the necessity for an extra hne-tuning. This problem needs to be addressed, at least for better 
understanding the structure of brane world models. 

The paper is organized as follows. In Section 2 we consider an illustrative example of bulk 
gauge helds interacting with the bulk Higgs scalar held and show which conditions should be 
fulhlled in order the gauge helds exactly reproduce the electroweak gauge sector of the SM 
by the lowest Kaluza-Klein modes. In Section 3 fermions are examined in the same way. In 
Section 4 we consider interactions between fermions and gauge bosons in a simple theory, where 
pathologies in the fermion sector are absent, whereas no extra conditions on the Higgs held are 
imposed. The obtained results are discussed in the last section. 

2 Gauge fields 

Let us take a hve-dimensional space-time with the coordinates = {x^, z}, M = 0,1, 2, 3, 5. 
The compact extra dimension is supposed to form the orbifold S^/Z 2 , which can be represented 
as the circle with the coordinate —L < z < L and the points —z and identihed. In what 
follows, we will use the notation x for the coordinates x^. We consider the following standard 
form of the background metric, which is often used in brane world models: 

ds^ = — dz^. ( 1 ) 


This metric is assumed to correspond to a regular brane world model, i.e. it is a solution to 
equations of motion for hve-dimensional gravity, two branes with tension and, for example, a 
stabilizing bulk scalar held. We do not specify the explicit form of the solution for (t{z). 
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We start with the gauge helds and choose the following action of an SU{2) x U{1) gauge 
invariant model in this background; 

S = j d^xdz^ {DmH)^ DnH - V{H^H)^ , (2) 

where 


77a _ 

^MN — 

Bmn = 
DmH = 


dM^% — d]siA°^ + 

QmBn — SnBm, 

— ig—A%[ — i^Bm^ H 


( 3 ) 

( 4 ) 

( 5 ) 


and the fields satisfy the orbifold symmetry conditions A^^{x,—z) = y4“(a;,2;), A^^^x^—z) = 
-Al{x, z), B^{x, -z) = B^{x, z), B 5 (x, -z) = -B^l^x, z), H{x, -z) = H{x, z). Here ^ is 

a constant, which is introduced for convenience and chosen so that the dimension of the bulk 
gauge helds is mass. The scalar held potential can include brane-localized terms of the form 
\i{H^H)5{z) and H)5{z—L). It is easy to see that action ([2]), which has a rather standard 

form, resembles the bosonic sector of the electroweak part of the ordinary four-dimensional SM. 

This action gives rise to the equations of motion for the gauge and the Higgs helds that 
look like 

y^paMN ^ gpbc^b^pc,MN = 0 , ( 6 ) 

VnB^^+ H (7) 

V^DmH - {ig'^-^Al, + i^-Bm^ D^H + = 0 , ( 8 ) 

denoting the covariant derivative with respect to metric flTl) . 

Let us consider the vacuum solution for these helds. The vacuum solution, breaking the 
gauge group SU{2) x U{1) to U{l)em, leaving the Poincare invariance in four-dimensional 
space-time intact and satisfying equations o. o, can be taken in the form 


A 


M 


= 0 , 


Bm = 0 , 



( 9 ) 


where v{z) is a real function. It is not difficult to understand that in the general case the 
vacuum solution for the Higgs held v{z) may depend on the coordinate of the extra dimension. 
Of course, the scalar held potential must provide for such a solution to equation ([H]). At this 
point we do not specify the explicit form of v{z). 

Now let us turn to examining the excitations in the model at hand. Below we will be 
interested in the behavior of only the four-vector components of the hve-dimensional gauge 
helds, whose zero modes must play the role of the SM gauge bosons. For this reason, from 
here on we retain only these components of the gauge helds and drop the components Ag, B^ 
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of the vector fields and the fluctuations of the Higgs held. From action ([2]) it is easy to get the 
following effective action for the four-vector components of the hve-dimensional gauge helds: 


Seff = 






r'" 


g-Al + ^-BA\ g-A^ + ^-B^ H, 


where we have also dropped the terms containing only the vacuum conhguration of the Higgs 
held. 

Now we are ready to perform the Kaluza-Klein mode decomposition. First, using the 
standard redehnition 




\/9^ + g 


/2 


- g’Bf ,), Af, = 


^/g^+ 9' 


j2 


{gB, + g’Al) . ^ (4 T ^Al) , (11) 


we can pass to the physical degrees of freedom of the theory. Next, let us consider only the 
quadratic part of ehective action flT0|l in terms of these new helds. It takes the form 

S,I, = J rfxdz (-^rrrr^W^W-^ - (12) 

+^-’e<d^W*a^W- + e^'’^r,'“'ai,A^d^A, + 

+e'“'v\z)^^,rW*W;+e'“'v^(z)A^,f‘'Z^z)l , 


where PF^ = - dyW^, F^^ = d^A^ - d^A^, - d^Z^. The equations for the 

wave functions and the masses of the Kaluza-Klein modes are 

- 1TT-W,nfw,n “ ^5 (e^'^^s/v^,^) v'^ {z) fw,n = 0, (13) 

-^l,nfz,n - d^{e^^d^fz,n) + {z)fz,n = 0, (14) 

-m\,nfA,n - d^ie^'^d^fA^n) = 0. (15) 


where the subscript n denotes the number of the corresponding Kaluza-Klein mode. As usual, 
the lowest (zero) Kaluza-Klein modes of the helds are supposed to correspond to the four¬ 
dimensional SM particles. So, below we will focus only on the zero modes. 

It follows from flTHD that the solution for the lowest mode of the held A^ (the photon) 
is niAfi = 0 and fA,o{z) = const, i.e. its wave function does not depend on the coordinate 
of the extra dimension. This is an important result, which provides the universality of the 
electromagnetic charge pj. But, as one sees from 03 and 0141) . in the general case it is not 
so for the zero modes of the helds and which correspond to the SM massive gauge 

bosons. The latter has the following well-known consequences. Indeed, in the SM the self¬ 
coupling of massive gauge bosons comes from the term and the corresponding coupling 

constants are dehned only by the structure of the gauge group. In the hve-dimensional case 
under consideration the self-coupling terms also come from the same term of fITUD . but now the 
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corresponding coupling constants are also defined by the overlap integrals over the coordinate 2 ;, 
which include the wave functions and /z,o(^)- The only case, when the zero mode sector 

of the model automatically completely coincides with the electroweak gauge boson sector of the 
SM, is the one, where the wave functions fw,o{z) and fz,o{z) do not depend on the coordinate 
of the extra dimension. In this case the self-coupling constants of the massive gauge bosons are 
dehned in terms of the constants g and g' exactly in the same way as in the ordinary SM. The 
independence of the wave functions fw,o{z) and fz,o{z) on fhe coordinate of the extra dimension 
can be achieved only when = const, i.e., when 

v{z) = (16) 

where h is a constant of dimension M. For the choice 0161) . the masses of the zero mode gauge 
bosons are given by 

gv ^/g^ + g'‘^v 

mwfl — -^1 ^- 

Thus, in the case under consideration v must coincide with the Higgs held vacuum expectation 
value of the SM. 

Of course, the results presented above are rather trivial. Moreover, it is well known that in 
the general case a modihcation of the shapes of the zero mode gauge boson wave functions has 
an inhuence on the electroweak observables, this problem was discussed in detail in [1115]. It is 
shown in these papers that, for example, in the case of the Randall-Sundrum model [2] such a 
modihcation leads to restrictions on the value of the hve-dimensional energy scale, which put 
the theory out of the reach of the present day experiments. For the choice flT6|l the lowest mode 
four-dimensional ehective theory exactly reproduces the electroweak gauge boson sector of the 
SM, thus imposing no restrictions on the value of the hve-dimensional energy scale. Meanwhile, 
one can imagine that there exists a prohle for the Higgs vacuum solution, which dihers from 
flT6|) but provides somehow the necessary values of the zero mode gauge boson masses and self¬ 
coupling constants with a good accuracy. Unfortunately, the situation becomes more involved, 
when one comes to fermions. 



3 Fermions 

It is well known that, since there is no chirality in hve-dimensional space-time, in order to 
obtain a nonzero mass term for the zero Kaluza-Klein fermion mode via the Higgs mechanism 
it is necessary to take two hve-dimensional spinor helds (see, for example, [3 Eli) satisfying 
the orbifold symmetry conditions 

Ti(a;, -z) = 7®Ti(a:,2;), 

T2(x, -z) = -7'’\k2(a:, z) 

Thus, as a simple example, we consider a model with the action of the most general form 

S = ^ d^xdz^g m'^2 (20) 

-Fi(^)TiTi - E 2 {z)^ 2^2 - G(z) (T 2 T 1 + T 1 T 2 )) , 


(18) 

(19) 
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where M, = 0,1, 2, 3, 5, = 7 ^, F® = Z 7 ^, Vm is the covariant derivative containing the spin 

connection, is the vielbein, Fi 2 (^) and G{z) are some fnnctions satisfying the symmetry 
conditions Fi^ 2 {.—z) = —Fi^ 2 (^) and G{—z) = G{z). For the case of metric ([I]) action fl2U]) can 
be rewritten in the form (see, for example, laiio] for the explicit form of the vielbein and spin 
connections) 


S = j d^xdze^^ - ^ 17 ^ (^5 + 2a') ( 21 ) 

{85 + 2ct') ^2 - F 2 (^)^ 2^2 - G{z) (^ 2^1 + ^ 1 ^ 2 )) , 

where ' = 85 . The eqnations of motion, following from this action, take the form 

- 7 ' (^5 + 2 a') - Fi(z)Ti - G{z )'^2 = 0, (22) 

e-'^iYd^^2 - 7 ' (^5 + 2a') ^2 - F2{z)^2 - G{z)^i = 0. (23) 

Snppose that G{z) = 0. In this case there always exists the solution 

~ Z 

Ti=C'/exp - J Fi{y)dy - 2 a{z) ^/JLix), = 0 , 7 ^'iI^l ='>Pl, (24) 

. 0 


where (7/ is a normalization constant, describing a massless four-dimensional fermion. An 
analogous solution exists for the field 4/2 (but with a right-handed four-dimensional fermion). 
The latter clearly indicates that the existence of only one five-dimensional fermion is not enough 
to provide a massive four-dimensional lowest mode. This also indicates that it is the term with 
G{z) ^ 0 that is responsible for the generation of the masses of the zero mode fermions. Thus, 
the function G{z) should be somehow connected with the hve-dimensional Higgs held. It is 
natural to take this function as 

G{z) = hv{z), (25) 

where h is a coupling constant of dimension M~^. Such a construction may arise, when one 
considers the standard Higgs mechanism in the bulk after the spontaneous symmetry breaking, 
leading to ([9]), whereas the zero modes of the helds Ti, 4/2 are supposed to represent a massive 
lepton (for example, the electron). 

It should be noted that the “localizing” functions Fi{z) and F 2 {z) are not connected with 
the Higgs held in the general case. Meanwhile, the corresponding terms are not forbidden and, 
according to fl2Tjl . they are responsible for the localization of the lowest fermion Kaluza-Klein 
modes. In fact, the form of the terms with the functions Fi{z) and F 2 {z) in fl20|l is the only one 
suitable for the localization of the fermion zero modes in a consistent held-theoretical manner, 
though the origin of the localizing functions can be diherent. In the context of multidimensional 
models, such a mechanism was proposed in [n] for the theory with one inhnite extra dimension, 
in which the localizing function was just a prohle of the topological soliton modeling a domain 
wall. An analogous mechanism (but with another form of the localizing function) was used 
in na, where fermion helds were also supposed to be conhned to a thick domain wall in hat 
extra dimensions, but diherent fermions were localized at diherent points of the wall. In hve- 
dimensional brane world models the localizing functions are usually not explicitly connected 
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with something like a domain wall, very often the corresponding terms have the form similar to 
the standard fermion mass term, but with an antisymmetric “mass” according to the orbifold 
symmetry, i.e., F{z) = C'sign( 2 ;). The value of the constant C defines at which brane the 
fermion zero mode is localized and what is the width of its wave function [la na [ig. 

Now let us recall the ordinary four-dimensional free spinor field satisfying the Dirac equation. 
It is well known that each component of this field satisfies the Klein-Gordon equation, which is 
a second-order differential equation. Of course, all the components of the spinor field are not 
independent — with the help of the initial Dirac equation one can restore, for example, the two- 
component spinor 'ijjji using a solution for the two-component spinor 'ipL, where the components 
oi 'ipL are supposed to be independent and to satisfy the Klein-Gordon equation. The Klein- 
Gordon equation is known to have no pathologies, so one can be sure that the whole theory 
is consistent. The five-dimensional helds Ti and T 2 satisfying equations fl2^ . fl25]l should be 
considered as free helds as well, because they are coupled only to the vacuum conhgurations of 
the Higgs and gravity helds. Therefore, one expects that in a consistent theory each component 
of the hve-dimensional spinor helds Ti and ^2 (or at least of their linear combinations) also 
satishes a hve-dimensional second-order diherential equation, which contains derivatives in 
the four-dimensional coordinates only in the form □ = otherwise one may expect the 

appearance of various pathologies when expanding in Kaluza-Klein modes (which is, in fact, the 
hrst step in examining the four-dimensional ehective theory), an example of such a pathological 
behavior will be presented below. The latter is not good taking into account the fact that the 
components of the hve-dimensional spinors make up four-dimensional fermion helds (just like 
how 'ipL and 'ipR make up a four-dimensional four-component spinor held), see, for example, 
[H US]. So, let us try to obtain the corresponding second-order diherential equations. From 
fl 2 ^ and fl23|l it is not difficult to obtain: 

- DTi + e"(a5 + 2a')e"(a5 + 2a')^i + - e^^{Fl{z) + h\\z))'^i (26) 

+he^d^{e^v{z))^^^2 - he^^v{z) {F^{z) + F^iz)) T 2 = 0, 

-□T 2 + e^{d^ + 2a')e^{d^ 4- 2cr')^2 + d^{e^F2{z))-f^^!2 - e'"(F|(z) + h^v\z))^!2 (27) 

+he'^95(e‘^u(2;))7®Ti - he^’'v{z) {Fi{z) + F 2 {z)) Ti = 0. 

From fl26|l and one can see that formally the equations for the components of the helds 
Ti and T 2 do not decouple. It turns out that in the general case we can not obtain second- 
order diherential equations for each component of the helds Ti and \I '2 (or of their linear 
combinations) separately, as it happens in the ordinary four-dimensional theory, except several 
special cases. The hrst obvious exception is when the following conditions fulhll: 

Fi(z) ^ -F2 (z), (28) 

d^{e^v{z))=t). (29) 

The second condition completely coincides with flTB]) . Introducing the dimensionless coupling 
constant h = and taking into account fl28|l and fl 2 ^ we can rewrite equations fl26|l and flT7|l 
as 

- DTi + 6^(85 + 2a’)e^{d5 + 2a')^i + e^d^ie^F)-f^^i - = 0, (30) 

-□T 2 + 6^(85 + 2cT')e'"(a5 + 2a')^2 - e‘^ 85 {e^F)-f ^^2 - {e^"F^ + h‘^v ^)'^2 = 0, (31) 
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where F{z) = Fi{z) = —F 2 {z), which indeed lead to the second-order differential equations for 
each component of the helds d'l and '^2 separately. 

The solution to these equations, corresponding to the zero mode, has the form (it can also 
be easily obtained from ([22]), (|23|)) 


Ti = (7/ exp 

~ Z 

- [ F{y)dy - 2a(z) 


k! 

_ 0 

2 

4/2 = (7/exp 

- [ F{y)dy - 2a(z) 


tJ 

. 0 


'IpLix), 


iYdfj.ipL - hv'ipR 

- hvipL 


0 , 

0 , 


1 ^'ipL = ^pL, (32) 
(33) 


where again Cf is a normalization constant. This solution indeed corresponds to the lowest 
mode, see Appendix A for details. It is clear that the fields ipi and pjR are localized in the vicin¬ 
ity of the same point in the extra dimension. Taken together they make up a four-dimensional 
Dirac fermion with mass hv. As for the physical degrees of freedom corresponding to higher 
Kaluza-Klein fermion modes, for the case of equations fl30l) . flTI]) they can be examined exactly 
in the same way as it was made in [12] for the model with inhnite extra dimension. 

It should be also mentioned that the fermion action exactly of form fl?I]) with conditions 
fl28]l and fl29D (but in other notations) was considered in [9] for examining discrete symmetries 
in brane world models. 

It is interesting to note that if the localizing functions F{z) have one and the same form for 
all fermion fields in the theory (leptons, quarks), then the wave functions of the zero modes also 
have the same form for different fermions regardless of the four-dimensional mass of the mode 
(see ([32]), ([33])). In this case the coupling constants of fermions to gauge bosons in the zero mode 
sector appear to be exactly the same as in the SM. This happens because the wave functions 
of all the zero mode gauge bosons do not depend on the coordinate of the extra dimension if 
relation fl22D holds (see Section 2) and all the corresponding vertices (even those containing 
two different four-dimensional fermions) in fact contain the integral of the same fermion wave 
function squared, and this integral is equal to unity due to the normalization conditions. 

The question arises, whether there are other exceptions in equations fl26l) . ([27]), leading to 
second-order differential equations of motion for any form of v{z)7 We found another simple 
exception for the general case (in principle, there are more exceptions, but they seem to be 
very unnatural, see Appendix B for a detailed discussion of the decoupling of equations fl26]) . 
fl27|) h which is, in fact, rather obvious and follows even from the form of equations fl26l) . fl27|) . 
Namely, if the relation 

F,{z) = F2{z) (34) 

is fulhlled, then one can simply add and subtract equations (1221) . (127]) to obtain two independent 
second-order differential equations for the combinations Ti -|- T 2 and Ti — 4 / 2 , which look like 
they should not lead to any pathologies. 

Relation fIMl) seems to be rather unphysical (indeed, a consistent localization of the zero 
modes of fermion helds demands fl28]) . see also, for example, [T] El HTj; while it is unclear 
what could be the physical motivation for the condition ^ 1 ( 2 ;) = F 2 {z) ^ 0); except for the 
case Fi{z) = F 2 {z) = 0, which means that all the fermion helds can freely propagate in the 
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bulk. Thus, to examine this case in more detail let us simplify the task and take a{z) = 0, 
Fi{z) = F 2 {z) = 0 and v{z) ^ const (for the case a{z) = 0 the latter condition does not satisfy 
The corresponding equations of motion, following from fl2B|l and fl27D . take the form 

— n(Ti + T 2 ) + 95(^1 + T 2 ) — + ^ 2 ) + hv''y^{^i + T 2 ) = 0, (35) 

-□(Ti - T 2 ) + - T 2 ) - hV(Ti - T 2 ) - huV(Ti - T 2 ) = 0. (36) 

Using these equations it is not difficult to show that, according to the orbifold symmetry 
conditions f[T 8 |l . flT^ . the helds Ti and T 2 can be decomposed into the Kaluza-Klein modes as 

I'l = E (/+"(‘)V'Z(^) - /"(-)«w). (37) 

n 

*2 = E (/-(•)«(“^)+/:(--)«(^)). (38) 

n 

where = V’l, = -'4 ’r, 

niz) = riz) + n-z), nz) = nz) - n-z) ( 39 ) 

and the function /""(z) is a periodic continuously differentiable solution to the equation 

+ dir - + hv'r = 0 ( 40 ) 

in the interval [—L, L], corresponding to the eigenvalue (recall that v{—z) = v{z)). Accord¬ 
ing to the general theory [18], the functions f^lz) make up an orthonormal set of eigenfunctions 
for equation fl4Up . the lowest eigenvalue tuq being simple (which means that we get only one 
fermion with mass tuq in the effective four-dimensional theory). Moreover, it is not difficult 
to show that mg > 0 for (jlQj). Thus, the corresponding free theory seems to have no obvious 
pathologies. But the chiral structure of the zero modes of the helds Ti and T 2 in fl38ll dif¬ 
fers from that in fl3^ . ([33]). This difference leads to certain problems when taking into account 
the interactions with the gauge helds. This issue will be discussed in the next section. 

What can happen when the decoupling of the equations of motion for the components of 
the fermion helds seems to be impossible, at least in the standard way (like the one presented 
in Appendix B)? To show it, let us again simplify the task and consider the case a{z) = 0 (the 
hat hve-dimensional space-time). In this case equations fl2^ and fl27|) take the form 

- DTi + dl'^i + - {Fl + rv^) + hv’r ^2 - hv (Fi + F 2 ) T 2 = 0, (41) 

-□T 2 + dl '^2 + Fr ^^2 - {Fi + T 2 + hv'r^i - hv (Fi + F 2 ) = 0. (42) 

The equation for, say, the hrst component of the held Ti can be easily obtained and turns out 
to be the fourth-order diherential equation 

[□ - dl - F' + F| + KV] ^ [□ - a| - f; + F? + (43) 

- (hu(Fi + F 2 ) - hv') = 0 . 

Analogous equations can be obtained for the other components of the held Ti and for the 
components of the held T 2 (though, as in the four-dimensional case, not all the components 
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of the fields 'hi and \h 2 are completely independent, some of them can be expressed throngh 
the other: for example, the field ^2 can be restored from the held \hi with the help of initial 
eqnation It is obvions that even in the hat case a{z) = 0 the form of eqnation fH5]l poses 

a qnestion abont the possibility of a mathematically consistent isolation of the physical degrees 
of freedom of the theory. Moreover, since in many cases higher-derivative theories contain 
pathologies (snch as ghosts; see, for example, [19] for details), one may expect pathological 
behavior in the case nnder consideration too. On the other hand, nsnally the systems described 
by fourth-order equations of motion like the one in fl43p have more degrees of freedom than the 
systems described by second-order equations of motion like the one in fl26|) with v{z) = 0, so in 
principle one can expect an increase of the number even of the zero modes in addition to other 
possible pathologies (i.e., one could imagine that there would appear, say, two electrons in the 
effective four-dimensional theory). We have failed to solve such fourth-order equations of motion 
analytically even in the simplest cases and we have not an explicit example which could support 
this statement, however, such a possibility is not excluded by the general reasonings. Thus, in 
our opinion, one should avoid the appearance of such fourth-order differential equations when 
constructing multidimensional models, at least to be sure that the resulting theory is devoid 
of any pathologies and the physical degrees of freedom can be isolated in a mathematically 
consistent way using the well-developed theory of second-order differential equations. 

An important comment is in order here. In many brane world models the expansion in 
the Kaluza-Klein modes for the helds Ti and 4/2 is performed without taking into account the 
interaction with the Higgs held (indeed, in the case v{z) = 0 the corresponding differential equa¬ 
tions are indeed second-order and one does not expect any pathologies). When the interaction 
with the Higgs held is taken back into account, all the oh-diagonal entries of the corresponding 
(inhnite) mass matrix are, in the general case, nonzero, which is not an unexpected result, 
because the orthogonality conditions for the case v{z) =0 are not valid for the case v{z) ^ 0, 
v{z) ^ (including the generalized functions like the delta-function). It is clear that, in 
principle, the resulting helds do not represent the physical degrees of freedom of the theory and 
cannot be used for consistent calculations, which poses the question about the diagonalization 
of the mass matrix in the ehective four-dimensional theory by algebraic (maybe perturbative) 
methods. However, as it was noted above, in the general case the systems described by fourth- 
order equations of motion like the one in fH5]) have more degrees of freedom than the systems 
described by second-order equations of motion like the one in with v{z) = 0. The latter 
makes the use of the perturbation theory and the subsequent diagonalization of the mass ma¬ 
trix questionable, because in the general case this mass matrix, obtained using the solutions of 
equations and fl27|) with v{z) = 0, may not include all the degrees of freedom (including 
possible pathological modes) described by equations (j2S|) and fETj) with v{z) ^ 0. We note 
that it is a nonperturbative effect, which may appear no matter what is the relation between 
the energy scale of the Higgs held and the typical energy scale of hve-dimensional theory]^ In 
some sense this situation is similar to the case of U{1) massless gauge held: if one adds the 
mass term to the action, the third degree of freedom arises, no matter how small the mass of 

^There is a simple algebraic example, demonstrating an analogous nonperturbative effect. The equation 
cc — 1 = 0 has only one real root, whereas the equation ax^ +x—l =0 with |a| <C 1 has two real roots. The first 
root X ~ 1 — a indeed can be obtained perturbatively, whereas it is not so for the other root x — 1 + a. 
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such a “photon” is. It is impossible to trace such an effect by first performing the KK de¬ 
composition in the vacuum with v{z) =0 and only then considering the interaction with the 
nonzero vacuum solution of the Higgs field. For this reason we think that the only consistent 
way of deriving an effective four-dimensional action in brane world models is to consider first 
the vacuum solution for the Higgs field (and for other fields with nonzero vacuum solutions, if 
they exist) and only then to perform the Kaluza-Klein decomposition (if it is possible) checking 
the absence of pathologies at least in the free theory. 


4 Interactions in the effective theory 


To demonstrate in a simple way, how possible latent problems can pop up in the four-di¬ 
mensional effective theory, corresponding to equations fl5^ and let us consider a five¬ 

dimensional action, describing fermion fields minimally coupled to the SU{2) x U{1) gauge 
fields in the fiat {<j{z) = 0) space-time: 




d^xdz + i^ 2 T^DM '^2 


V2h 



+ h.c. 


(44) 


Here the SU{2) doublet, constructed from five-dimensional spinors, is denoted by 


Ti 


vh- A 
Tf ) ’ 




(45) 


and the five-dimensional SU{2) singlet is denoted by 4/2- The covariant derivatives are defined 
by 


Dm^i — 

(^M — Ti, 

(46) 

Dm'^2 = 

{Om + w'Bm) 4/2. 

(47) 


The vacuum solution for the Higgs field is supposed to have the form 



(48) 


with v{z) ^ const. 

First, let us consider the free theory. We will be interested only in the lowest mode sector, 
so we neglect all the higher Kaluza-Klein modes of gauge and fermion fields. According to 
fl3^ - (140i) . we can represent the fermion zero modes as (below we will omit the superscript “0” 
for the zero {n = 0) modes of the fields) 


^i{x,z) = 


U{z)ijL{x) - f-{z)ijR{x) 


, ^ 2 (a:, z) = f-{z)'il:L{x) + f+{z)'il:R{x), (49) 


where ur = The factor ^ is just the canonically normalized wave function of 

the zero mode of the field Tj' (since this field does not interact with the vacuum solution of 
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the Higgs field H, in the fiat background and with Fi{z) = F 2 {z) = 0 its wave function is a 
constant). Substituting into flU)) . dropping the terms with gauge fields and integrating 
over the coordinate of the extra dimension, one can obtain the standard four-dimensional action 
for the free fermion field^ 


S= d^x {ivLl^d^UL + i'lpYdiii’ - mipip) , 


(50) 


where ip = ipiF pJR- In order to have the canonically normalized kinetic term of the field ip in 
the condition 

-I-6^ = 1, = J dzf^{z), ^ J 

must be fulfilled. The mass m is the eigenvalue of the problem fHOjl . corresponding to the 
eigenfunction f{z). By tuning the coupling constant h one can, in principle, get the desired 
value of the mass m. 

Now let us turn to examining the interactions with the gauge bosons. In order to isolate the 
effects caused only by the fermions, below we choose the following ansatz for the zero modes 
of the gauge fields: 


z) = H“(a;), B^{x, z) = B^{x); (52) 

for simplicity we will also drop the components A^^x, z) and B^{x, z) of these fields. We do not 
discuss here possible ways for obtaining this ansatz in a consistent way. For example, one may 
simply imagine that there exists a second Higgs field, interacting with the gauge fields only, 
which provides the necessary forms of the corresponding wave functions. 

Passing to the physical degrees of freedom flTTl) . using (jl9j), fl5^ and integrating over the co¬ 
ordinate of the extra dimension, we can obtain the effective four-dimensional action, describing 
the interaction of the zero mode fermions with the gauge bosons. We do not present the explicit 
calculations here, they are straightforward. It is not difficult to show that the electromagnetic 
coupling constant appears to be the same as in the SM (from here and below “the same as in 
the SM” means that it can be expressed through the constants g and g' exactly in the same 
way as it happens in the SM). The coupling constant of the interaction with the charged gauge 
bosons is found to be 

9^^ j dzf+iz) (53) 

instead of g in the SM (recall that the wave function, corresponding to the field is just 
As for the interaction of the field ip with the neutral gauge boson Z, the vector coupling 
constant appears to be the same as in the SM, whereas the axial coupling constant has the 
form 

gA = 9T'{a^-b^). (54) 

It is clear that in the general case c = f dzf+(z) ^ 1 and, according to (l5T|) . o? — iF F 1- 
Meanwhile, in order to get rid of the difference with the well known parameters of the SM, 

^In the derivation of action o it is convenient to use the equations /j_ -t hvf- = —mf-, 
f'_ -\- hvf+ = mf+, which are fulfilled if equation (HU)) holds. 
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one should have c = 1 and a? — h'^ = 1 (or the values which are close to unity with a good 
accuracy). The latter can be achieved if 6 = 0, which means that f{z) = const; in this case 
c = 1 too. But, according to (HUD , the condition f{z) = const means that v{z) = const, which 
again corresponds to fl2^ with a{z) =0. Thus, the farther v{z) from a constant is, the farther 
the values of the corresponding coupling constants are from those of the SM. 

It is obvious that for the non-flat case a{z) ^ 0 with d^^e'^v^z)) ^ 0 the problems, completely 
analogous to those described above, are also expected to arise in the four-dimensional effective 
theory, though the calculations appear to be much more bulky than in the case a{z) = 0. 
The only difference in the warped case is that now the farther v{z) from ~ is, the farther 
the values of the corresponding coupling constants are from those of the S]V1§| (note that in a 
realistic theory with d 5 {e'^v{z)) ^ 0 the shapes of the zero mode gauge boson wave functions 
also differ from a constant, which provides additional deviations from the standard values of 
the SM parameters like in |3l [S]). For example, the natural choice v{z) = const may lead, 
in principle, either to an unacceptable theory or put it out of the reach of the present day 
experiments. 

As a hnal remark to this section, let us draw an analogy with the case of gauge helds. 
As it was mentioned in Section 2, the modihcation of the shapes of the gauge boson wave 
functions due to the interaction with the vacuum solution of the Higgs held may affect the four¬ 
dimensional effective theory considerably In the most cases the interaction of fermion 

helds with the vacuum solution of the Higgs held ahects the corresponding ehective theory 
either in an analogous way (by a modihcation of the zero mode wave functions and the chiral 
structure), or even more dramatically, leading to pathologies like those discussed in Section 3. 
The latter clearly indicates that the interaction of fermion helds with the vacuum solution of 
the Higgs held should be treated much more carefully than it is usually done. 

5 Conclusion and final remarks 

As it was demonstrated in the previous sections, the only obvious possibility to automati¬ 
cally get a self-consistent, from the theoretical point of view, four-dimensional SM in a hve- 
dimensional brane world model (i.e., without possible pathologies in the free theory and with 
the correct couplings) is to have a vacuum solution of form ffTB]l for the Higgs held together with 
fl28|l . Condition fl28|l corresponds, in fact, both to the case of localized fermion zero modes and 
to the case when the fermion helds can freely propagate in the bulk (if Fi{z) = F 2 {z) = 0)0 It 
is not difficult to check that in this case the zero mode fermion and gauge boson sectors of the 
resulting ehective theory indeed exactly reproduce those of the SM, including the interactions, 
at least for the case of the standard form of hve-dimensional gauge invariant action (of course, 
if the localizing functions F{z) are one and the same for all the helds, corresponding to diherent 

^This reasoning is valid only for the case Fi{z) = F^iz) = 0. If ^ 1 ( 2 ;) = ^ 2 ( 2 ) ^ 0, there should be deviations 
of the coupling constants from those of the SM even for d^{e'^v{z)) = 0 due to the nonzero rotation angle 0, see 
Appendix B. 

"‘As it was shown in Appendix B, there may exist other exceptions in equations (EHl) . (I?7ll . leading to second- 
order differential equations of motion. But, according to the results presented above, it is improbable that such 
unnatural cases could lead to a completely acceptable effective theory. 
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four-dimensional SM particles). The corresponding calculations are straightforward and we do 
not present them here. The self-consistency and automatic conformity to the SM of the zero 
mode fermion and gauge boson sectors of the resulting four-dimensional effective theory for fl25]) 
and ([29]), follow from the fact that only in this case equations fl26|l and fl27|l for the components 
of the hve-dimensional fermions Ti and T 2 decouple, which provides the correct chiral struc¬ 
ture of the corresponding lowest Kaluza-Klein modes. Deviations from these conditions may 
lead either to pathologies or to a variance between the resulting zero mode four-dimensional 
effective theory and the SM. The latter may result in severe constraints on the parameters of 
hve-dimensional theory and put it, in principle, out of the reach of the present day experiments 
in full analogy with how in happens in the gauge boson sector mu- 

It should be noted that the exponential prohle of the vacuum solution for the Higgs held, 
leading to its localization near the TeV brane in the Randall-Sundrum model [2], was discussed 
earlier [12]. Our results demonstrate that in order to have a possibility to localize the zero 
modes of fermion helds in a consistent way (using an appropriate form of the function F{z) in 
(130]) and fl3l]l h the prohle of the vacuum solution of the Higgs held should have exactly the 
form 0161) . 

Unfortunately, the restriction on the vacuum prohle of the Higgs held poses several problems 
for the case of localized fermion zero modes (i.e., when F{z) ^ 0), which should be necessarily 
addressed. First, the prohle of the vacuum solution for the Higgs held appears to be strongly 
related to the form of the warp factor of the model. This demands an extra hne-tuning for 
the scalar held potential. Indeed, even for the simplest case of the Randall-Sundrum setup [2] 
with a{z) = —k\z\ and without taking into account the backreaction of the Higgs held on the 
background metric, the hne-tuned bulk Higgs potential should have the form 

V{H^H) = 

to get the vacuum solution flTbl) . Of course, one should also add hne-tuned brane-localized 
potentials, including a term specifying the value of the constant v (at least on one of the 
branes). If one takes more realistic cases of stabilized models, in which the warp factors have a 
more complicated form (like the one in [2U]), the form of the Higgs scalar held potential appears 
to be such that it can not be represented in an analytical form. Of course, such a situation 
looks unnatural, at least in the absence of a symmetry that can support such a hne-tuning of 
the Higgs potential. Moreover, backreaction of the Higgs held ahects the background metric, 
whereas quantum corrections modify the scalar held potential and, consequently, the vacuum 
solution for the Higgs held. Both ehects lead to breakdown of the hne-tuned relation between 
the warp factor and the vacuum solution for the Higgs held. 

Second, in a scenario with localized zero modes of fermion helds the Higgs held and the 
stabilizing scalar held cannot be unihed, as it was proposed in [2T]. Indeed, a consistent stabi¬ 
lization mechanism (like the one proposed in [2D]) is based on hxing the values of the stabilizing 
scalar helds on the branes (at the points z = 0 and z = L). On the other hand, warped brane 
world models are interesting if the function has exponentially diherent values on the branes. 
The latter means that by taking the Higgs held as the stabilizing held in such a theory, one 
introduces a new hierarchy into the model (because u(0) -C v{L)). For example, the Randall- 
Sundrum model ^ was proposed to solve the hierarchy problem of gravitational interaction, so 
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it also looks unnatural to add an extra hierarchy into such a model. Moreover, in order to get 
a massive radion, one should take into account the backreaction of the stabilizing held on the 
background metric [2D]. But if the stabilizing held is the Higgs held with vacuum solution flTD]) . 
then the range of allowed scalar held potentials and warp factors narrows considerably (which 
clearly follows from the self-consistent system of equations for the background conhguration of 
the metric and the stabilizing scalar held, which can be found in [20]). 

One may suppose that if at least the fermion helds are located exactly on the brane, then 
the Higgs held can also be located on the brane, which looks as a solution to the problem (of 
course, if we do not take into account the gauge helds, see [1]). However, the only realistic 
held-theoretical mechanism of fermion localization, which can be used for calculations, is based 
on the idea that initially the fermion helds propagate in the whole hve-dimensional space-time, 
whereas only the lowest modes appear to be localized on the brane due to an interaction with 
some defect (for example, with a domain wall like in [H]), see the discussion in Section 3. This 
is exactly the situation, which is realized in equations fl32|l . fl33|l . so one can take an appropriate 
form of the function F{z) to make the width of the wave function of the localized fermion as 
small as necessary. Meanwhile, the prohle of the Higgs held does not depend on the form of the 
function F{z), so even for an extremely narrow wave function of a localized mode (which taken 
squared can be even approximated by the delta-function for calculations) the “right” prohle of 
the Higgs held, which does not lead to fourth-order diherential equations, should still have the 
form flTHl) . The latter poses a question whether there exists a held-theoretical mechanism of 
fermion localization, leaving more freedom for the choice of a vacuum prohle of the Higgs held 
in the extra dimension. 

It should be noted that the only obvious exception is the model with the hat hve-dimensional 
background metric like the one proposed in [3], for which the four-dimensional SM can be 
constructed from a hve-dimensional theory without unnatural hne-tunings and restrictions. In 
such a case the vacuum solution for the Higgs held must be just a constant, which admits a 
variety of scalar held potentials including the standard Higgs potential (but leaving unsolved 
the problem of the stabilization of the extra dimension size). 
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Appendix A: Mass of the lowest localized fermion mode 

Let us take equation fl30l) and substitute '^i{x,z) = 'iljL{x)fL{z) with O'lpL + = 0 and 

7^'0l = 'll ’l into it. We get 

(/,2 _ h 2 ~ 2 ^f^ + + 2a')e^{d, + 2a') fL + e'^d,{e'^F)h - = 0- (55) 
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Multiplying this equation by fi, integrating over the coordinate of the extra dimension 2 ; 
and performing integration by parts in two terms, we arrive to the following equality: 

- ~ev^) j dze^-fl = j dze^- (/' + 2a'h + F/l? ■ (56) 

Since both integrals are nonnegative, we get /i^ — h‘^v‘^ > 0, which means that the lowest 
mode indeed has mass hv. A completely analogous procedure can be performed for the other 
substitution z) = 'ipR{x)fji{z) with D'lpn + = 0 and = —^Jr, as well as for the 

field \l/ 2 - 


Appendix B: Decoupling of the equations of motion for 
fermions 


Let us consider equations fl26|l and for the left-handed fermions such that \l/f = 
^2 = • These equations can be rewritten in the matrix form as 


L(a;, z) 


•qjL 

^2 


+ M{z) 


^2 


= 0 , 


(57) 


where L{x,z) is a diagonal operator with equal diagonal elements, which includes derivatives, 
and the matrix M{z) looks like 



■''■'■yy :s) 

(58) 

qiiz) 

= e"a5(e‘^Fi(z))-e2"F2(z), 

(59) 

q2{z) 

= e'^d,{e'^F2{z))-e^'^F^{z), 

(60) 

p{z) 

= he^d^{e^v{z)) - he^^v{z) (Fi(^) + F^iz)). 

(61) 


The form of equation (1571) suggests that the decoupling of the equations of motion for the 
fermion fields is equivalent to the diagonalization of the matrix M{z), so the question is how 
to diagonalize the matrix M{z) except for the obvious case p{z) = 0. Since this matrix is 
symmetric, it can be diagonalized with the help of a rotation matrix R such that 

^^M = diag(Ai,A2), (62) 

\sm6' cosO ) 


The eigenvalues of the matrix M{z) can be easily found by the standard procedure and take 
the form 


-^l,2(^) 


+ g 2 ± \/{qi - q 2 Y + 4p2 
2 


(63) 


A very important point is that the rotation angle 9 should not depend on the coordinate of the 
extra dimension z, otherwise the rotation matrix R would not pass through the operator L, 
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which contains derivatives. Since it is the eigenvectors of the matrix M that form the rotation 
matrix i?, it is necessary to hnd conditions nnder which these eigenvectors do not depend on 
the coordinate of the extra dimension. From the eqnation, say, for the hrst eigenvalne and 
eigenvector 




(64) 


we can easily get 


tan^ 


q2-qi + \/jqi - q2Y + 

2p 


(65) 


It is clear that in the general case the angle 6 depends on the coordinate of the extra dimension. 
An obvious exception is in general qi{z) = q 2 {z). 

Thus, according to the results, presented above, in the general case we have two conditions 
for the left-handed fermions, for which the mixing matrix M is either diagonal or can be 
diagonalized in the standard way. They are 


d^ie^v) 


(Fi + F2), 

e-{Fl-Fl). 


( 66 ) 

(67) 


The procedure, completely analogous to the one presenter above, can be also performed for 
the right-handed fermions (Tf = —= —y^T^), leading to 

d^{e^v) = -e‘^n(Fi + F2), (68) 

a5(e"(Fi-F2)) = -e^{Fl-F^). (69) 

The most general and simple model-independent conditions, following from fl66|l - fl69|l . are just 
(|28|) . (1^ or (l3T)) . the latter case giving 9 = which corresponds to the combinations of the 
fields in fl35p . fl36p . Of course, in principle one may consider other combinations of conditions 
(I66p - (1691) : (166p together with (16^ or fl67p together with (I65P : or there may exist other specific 
choices of the functions ^ 1 ( 2 ;), F 2 {z) and v{z) leaving the rotation angle 9 independent on the 
coordinate of the extra dimension. But such cases seem to be much more unnatural, while they 
also lead to relations between the functions ^ 1 ( 2 ;), Fi{z), v{z) and (j{z). 
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